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Experimental Analysis and Modeling of Limit Cycles
in a Dynamic Wind-Tunnel Rig

Paul M. Davison,¤ Mark H. Lowenberg,† and Mario di Bernardo‡

University of Bristol, Bristol, England BS8 1TR, United Kingdom

Large-amplitudeself-sustaining periodicoscillationshavebeen observed in an unforced pitch-axis single-degree-
of-freedom dynamic wind-tunnel rig. These limit-cycle oscillations and the associated bifurcations are caused by
aerodynamicphenomenaandhavebeen studiedbyconstructing experimentalbifurcationdiagrams,where a system
parameter (horizontal tailplane de� ection) is varied quasi statically and the steady-state response of the system
recorded. An innovativestrategy based on these bifurcation diagramsis then used to identify a mathematicalmodel
of the rig aerodynamics over a wide operating region. Good agreement is shown between numerical simulations of
the theoretical modeland experimental time histories over a large rangeof angle-of-attackand tailplanede� ections.

Nomenclature
A = limit-cycle amplitude
Au = parameter of the tanh function (Fig. 7)
B = exponentialgrowth or decay rate
Cm = aircraft pitching moment coef� cient

Nc = aircraft mean aerodynamic chord
I = aircraft pitch moment of inertia
K = growth/decay rate of tanh function
N = number of subintervals
S = aircraft wing surface area
T = time interval
t = time
V = aircraft velocity (tunnel velocity)
1 = parameter of the tanh function (Fig. 7), 1

2
.Au ¡ A/

±e = symmetrical horizontal tailplane de� ection
µ = aircraft pitch angle to horizontal (angle-of-attack)
Oµ = estimated pitch angle to horizontal
Pµ = aircraft pitch rate, q and dµ=dt
POµ = estimated model pitch rate, Oq
½ = air density
Á = phase angle
! = limit-cycle frequency

I. Introduction

T O gain a tactical advantage in close-combat aerial scenarios, it
is desirable to have superior maneuverability.1 Increased ma-

neuverability requires high rates of change of motion variables,
which,whenoccurringat largeanglesof attackandsideslip,produce
strong coupling between aerodynamics, inertial terms, and control
surface de� ections and a strong dependence on frequency and am-
plitudes of motions. This coupling is, as yet, impossible to predict
usinganalyticalor computationalmeans in all but the simplestcases;
hence, some form of subscale testing is required.
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Dynamicwind-tunneltest rigscan takemany forms.2;3 Mostareof
the direct forced type,which produceconstantrotationor sinusoidal
oscillations about a single axis. To allow large models to be tested,
the support structures and drive systems are usually large, which
increases the cost of performing such tests. Moreover, because the
oscillations/rotations are usually about a single axis at a time, it
may be necessary to use several different rigs to obtain a full set of
dynamic derivatives.4

Ongoing work at the University of Bristol to develop a multi-axis
unforced wind-tunnel rig, the pendulum support rig,5 is underway
to address some of the problems associatedwith obtaining dynamic
derivatives, most notably complexity and cost. The rig is multi-
purpose in nature; it can be used for aerodynamicmodeling (where
periodic and arbitrarymotionscan be generated)and control system
design and evaluation using active control surfaces. It is envisaged
that the rig will allow integrationof the aerodynamic modeling and
controlsystemdesigncycles,during the aircraftdevelopmentphase,
into a single parallel process.

In this paper an experimental investigation is presented of the
nonlinear behavior of the rig in a single degree of freedom (DOF).
(For more information on general nonlinear dynamics, see, for ex-
ample, Ref. 6, or on experimental nonlinear dynamics, see Ref. 7.)
The current model [British Aerospace,Ltd. (BAe) Hawk] produces
some interesting nonlinear behavior in the form of self-sustained,
periodic oscillations (limit-cycle oscillations).Experimental bifur-
cation diagrams are presented and are shown to provide a quick
and simple tool for examining the global dynamics of the system.
(Experimental bifurcation diagrams were also used in Ref. 8 to an-
alyze � utter.) No attempt is made to identify the � ow phenomenon
causing the behavior. However, with the use of experimental bifur-
cation analysis, a mathematical model is derived that captures the
dynamics of the rig. Modeling using traditional stability derivative
methods will allow limit cycles to be represented, as long as the
derivatives are nonlinear functions of states and parameters; how-
ever, thederivativeswould have to be extractedand stored in look-up
tables. A more ef� cient solution,particularlywhere the aerodynam-
ics is highly nonlinear and includes bifurcation phenomena, is to
develop a model in which observed parameters such as limit-cycle
amplitude, stability, and frequencycan be speci� ed explicitly in the
model. We show how this information can be embedded into an
appropriatedynamic estimator of the experimentalsystem by using
the results of the experimental bifurcation analysis.

The rest of the paper is arranged as follows. In Sec. II previous
aerodynamic modeling approaches that have been used to capture
limit-cycleoscillationsare outlined.In Sec. III, the experimentalap-
paratus is described in more detail. In Sec. IV, the behaviorof the rig
is described,and experimental bifurcationdiagrams, time histories,
and phase-plane plots are presented. In Sec. V, the novel modeling
method is described in detail, before validationof the model is pre-
sented in Sec. VI, and generalization issues are discussed.
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II. Aerodynamic Modeling Issues
Aerodynamic modeling for the purposes of � ight dynamics in-

volves representingthe aerodynamicloads in a formulationsuitable
foruse in theequationsofmotionfor arbitrary� ightconditions.Typ-
ically, the forces and moments are functionsof the motion variables
and parameters, such as control inputs, undercarriageposition, etc.
The vast majority of such models are quasi steady and capture only
small-amplitude motions. Where limit-cycle motions are known to
exist, quasi-steady derivative type models can capture aspects of
their dynamics. The usual limit-cycle phenomenon is wing rock: a
lateral–directionaloscillation,dominant in roll, that occurs in many
� ghter aircraft con� gurations as angle of attack is increased.9;10

Its onset corresponds to loss in stability of the Dutch roll mode,
which can be re� ected in the stability derivatives relatively eas-
ily. The bounded oscillation is achieved by adopting a nonlinear
dependence of roll damping coef� cient on the state. Whereas the
steady-state characteristics can be adequately represented in this
manner, it is very dif� cult to model the transient behavior, stabil-
ity of the orbits, and bifurcationary events following the growth
of the cycle.

It has been recognized that unsteady effects can become signi� -
cant in rapid maneuvers, or maneuvers at very low forward speeds.
Quasi-steady derivative-type models are inadequate in accounting
for time-dependent aerodynamic reactions. A substantial body of
work has, therefore, been undertaken on advanced modeling tech-
niques to capture theseeffects,for example,Ref. 5. 11–14.However,
practical implementation of such methods has not as yet been ex-
tended to bifurcation and large-amplitudephenomena such as limit
cycles.

The majorityof limit-cyclemodelingworkhasbeenin connection
with wing rock. Relatively few aircraft exhibit longitudinalpitching
limit-cycle oscillations(bucking) as in the case of the pendulumrig
Hawk model at Bristol. (In fact, if the Hawk model is mounted with
lateral–directionalDOF as well as longitudinal, the bucking behav-
ior is likely to be preceded by a lateral–directional phenomenon,
such as wing rock or departure to incipient spin.)

Most of the aerodynamic models derived to represent wing rock
from experimental data are single-DOF, although 3-DOF coupled
lateral–directionalmotionshave also beenexplored.10;15 In all cases,
some form of nonlinear roll damping has been incorporatedinto the
formulation and efforts have been made to correlate amplitude and
sometimesfrequencywith measureddata, for example,Refs. 15–18;
the amplitudeof the limit cycle dependson the ratio of linear to non-
linear damping terms. Model structures with discontinuitiesand/or
hysteresis in aerodynamic derivatives have also been used to rep-
resent wing rock motions.19¡21 Wing rock limit cycles can also be
obtainedfromrelativelysimplemodels in which kinematiccoupling
between longitudinal and lateral–directional modes occurs.20;22 A
longitudinal bucking-type limit cycle has been modeled in Ref. 22
but this uses a jump in lift coef� cient associatedwith stall, which is
not appropriate to the Hawk case.

Both wing rock and aerofoil pitching oscillationshave been ana-
lyzed in the context of bifurcation theory in Ref. 23. Models incor-
porating nonlinear damping were evaluated in terms of bifurcation
behavior leading to limit cycles; the nature of the bifurcations (sub-
or supercritical)was assessed, as was the rate of growth of the peri-
odic orbits. However, the identi� cation of model structures suitable
for representing global bifurcation behavior over a wide operating
envelope, as observed with the Hawk model (see Sec. IV), has not
been addressed elsewhere.

As with all � ight dynamics modeling, a balance must be struck
between � ne detail in localized regions and the need to represent
behavior over a very large operating envelope. Bifurcation analysis
can be an invaluable tool in understanding the structure and dy-
namic features of a � ight dynamics model. When tools to analyze
and characterize different dynamic transitions are provided, it can
help to identifythe main featuresto be capturedby themodel.There-
fore, in this paper, the bifurcationbehavior and limit-cycle features
are modeled in an approximate manner, with parameters and states
as independentvariables.The method makes assumptionsabout the
shape of the periodic orbits and about the location and nature of

Fig. 1 Hawk model mounted inverted in the department open-jet
tunnel.

unstable stationary points but is able to capture most of the bifur-
cation behavior exhibited in rigid-body � ight mechanics to within
a degree of accuracy suf� cient for � ight mechanics analysis. It uses
explicitly the results of the bifurcation analysis performed on the
experimental rig.

III. Experimental Rig
For the tests presented in this paper, the rig was mounted in-

verted in the 1.1-m-diamopen-jet tunnel at the Universityof Bristol
(Fig. 1). The tunnel has a maximum speed of 40 m/s, with a turbu-
lence level of approximately2% at 20 m/s at the time of these tests.
(Minor modi� cations have since been made to the tunnel, resulting
in lower turbulence levels.)All tests were performed at 20 m/s (cor-
responding to Re D 0.2 £ 106 based on wing chord of the model).

An approximate 1/16th-scaleBAe Hawk model was used for the
tests, constructedmainly of � berglass covered wood. The weight of
the model without gimbal is 1.8 kg, and the main dimensions are
wing span 0.612 m, length 0.655 m, wing surface area 0.078 m2,
and mean aerodynamic chord 0.135 m. For the results reported
here, the model was free to rotate in a single-DOF (pitch) on a
custom-made aluminium gimbal, using precision ball bearings to
minimize friction. Moment of inertia in pitch is 0.0343 kg ¢ m2

when balanced about the pivot point, measured using the tri� -
lar suspension technique.24 Model pitch angle was sensed using
a high-accuracycarbon � lm potentiometer (accurate to §0.05 deg)
and a solid-state rate gyro (§0.25 deg/s accuracy) was mounted in
the model to give direct pitch rate measurements. The all-moving
tailplanes were directly driven by miniature model aircraft servos
using pulse-widthmodulation (PWM). Control and data acquisition
were performedusing a dSPACE DS1103 real-time control system.
This consists of an internal personal computer card with two digital
signal processorsand an external break-outbox. The system has 16,
16-bit analog-to-digital converters, which are used for acquisition
of pitch angle and pitch rate, and several PWM outputsused to drive
the active control surfaces. No � ltering was applied to the data, and
all sampling was performed at 100 Hz.

IV. Experimental Results
Typically, as tailplane angle ±e is decreased the angle of attack ®

of the aircraftwill increase, leadingto a negativeoverall slopeon the
±e ¡ ® bifurcation diagram. In general, aerodynamic nonlinearities
will cause a reduction in stability at higher ®, which can lead to
loss of control, even with large control surface de� ections.This loss
of stability can be longitudinal (in the form of deep stall or pitch
oscillations),but usually occurs in the lateral–directional sense, for
example,seeRef. 25. It is possible,particularlyin delta-wingaircraft
and those with long forebodies, for a Hopf bifurcation to a stable
limit cycle to occur, mainly in the roll sense, at high ® before there
is a total loss of stability. As already mentioned, this phenomenon
is known as wing rock, for example, see Refs. 9 and 10.
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Another nonlinear phenomenon that occurs at high ® is the fold
bifurcation. This is characterized by a branch of stable equilibria
(stationary points) folding back on itself and becoming unstable.
This bifurcationis associatedwith jump-typebehaviorwhere,under
parameter variations,stability is lost suddenly,often ending in deep
stall or departure into a spin.

With the present rig, there are no lateral–directional modes
present.Static tests have shown the model to be staticallystableover
the range ¡10 < ® < 35 deg, ¡50 < ±e < 10 deg. However, spring-
oscillation tests in the department 7 £ 5 ft closed-section tunnel
have shown regions of low pitch damping at approximately ® D 5
and ® D 15 deg (Ref. 5). The existenceof large-amplitudenonlinear
pitching behavior was not known before free-motion testing.

Three types of experiments were performed to 1) investigate the
system bifurcation behavior, 2) record time trajectories, and 3) de-
duce the stabilityof a desired equilibriumsolution.Testing speci� cs
follow.

1) To construct experimental bifurcation diagrams, it was nec-
essary to perform tests where the horizontal tailplane de� ection
was varied slowly enough for the system behavior not to be af-
fected by transients. Typically, for the rig under investigation, this
required sweeping the tailplane de� ection from one position limit
to the other over 1 h. These tests establish the stable attractorsof the
system with respect to a parameter (in this case, tailplanede� ection
±e). They also show any bifurcation phenomena present in the rig,
that is, qualitative changes in the system long-term behavior as the
tailplane angle is varied.

2) To collect data for phase-plane plots and time histories, tests
were performed where the horizontal tailplane de� ection remained
constant while the correspondingtime histories of the rig evolution
were recorded.

3) To deduce the stability of a given solution at discrete tailplane
de� ections, tests were performed where, again, the horizontal
tailplane remained in a constant position but the model was held
at a large positive or negative pitch angle before being released and
time histories recorded.

Figure 2 shows the results of two experimental bifurcation runs:
1) for decreasing (Fig. 2a) and 2) for increasing (Fig. 2b) tailplane
de� ection. Each run lasted 60 min. To plot the experimental bi-

a)

b)

Fig. 2 Experimental bifurcation diagrams: a) for decreasing tailplane
de� ection and b) for increasing tailplane de� ection.

Fig. 3 Phase plane plots for three � xed tailplane de� ections,
±e1 = ¡¡17.5, ±e2 = ¡¡20.0, and ±e3 = ¡¡22.5 deg, where lighter regions
show more time spent at that phase-plane point.

furcation diagrams (or more precisely, orbit diagrams,6 a form of
bifurcationdiagramwhereonlyattractorsareplotted),nonstationary
points (points where pitch rate q was nonzero)were discarded.This
gives a diagram of � xed points and maximum limit-cycle ampli-
tudes for the system as a functionof tailplanede� ection. Because of
experimentalnoise and tunnel turbulence, it was not possible to plot
only those points at which pitch rate was zero; therefore a tolerance
band of jq j < 2 deg/s was applied.

The behavior seen in Fig. 1a at approximately ±e D ¡12 deg can
be characterizedas a supercriticalHopf bifurcation to a limit cycle.
This is indicated by the slow growth of the limit cycle from the
branch of equilibria as tailplane angle is reduced, that is, the � xed-
point solution branch becomes unstable and the system follows the
stable limit-cycle branch. Oscillation amplitude increases with de-
creasing tailplane angle until at approximately ±e D ¡21 deg the
system exhibits a sudden jump back to a stable � xed point (Fig. 1a).
This stable branch continues to the maximum elevator de� ection.

With increasing tailplane angle (Fig. 1b), the jump from stable
� xed point to limit cycle occurs at approximately ±e D ¡19:5 deg.
This hysteresis and jump behavior indicates the presence of
a subcritical Hopf point at ±e D ¡19:5 deg. This is where, as
tailplane de� ection is increased, the stable � xed-point branch be-
comes unstable and the system jumps to the nearest attractor,
the limit cycle.

Further evidence of this phenomenon is given in Fig. 3, which
shows three phase plane plots taken at � xed tailplane de� ections.
For each tailplane setting, data were recorded for 15 min. It can be
seen that at ±e D ¡17:5 deg there is a well-established stable limit
cycledenotedby thecircle in theµ– Pµ plane.At ±e D ¡22:5 deg, there
is a stable � xed point (a point in the µ– Pµ plane,enlargedby noiseand
turbulence),and at ±e D ¡20deg,a stablelimit cycle and stable � xed
point coexist and are characterizedby different basins of attraction.
These attractors correspond to those seen in the experimental bifur-
cation diagrams (Fig. 1). Unfortunately, because of relatively large
amounts of turbulencein the wind tunnel, it is not possibleto release
the model from differentstartingpointsand � nd the basinsof attrac-
tion of the equilibria in the hysteresis region. While recording data
for the phaseplaneplotwith ±e D ¡20 deg in Fig. 3, occasionallythe
tunnel turbulence would be great enough to force the model away
from its present steady state, past an unstable branch (which can-
not be found experimentally), and onto the other coexisting steady
state. The resulting transientscorrespondto the many points that lie
between the limit cycle and the � xed point in Fig. 3.

Figures 4a–4d show time histories corresponding to the � xed
tailplane de� ections labeled in Fig. 1a Note the effect of low-
frequencytunnel turbulenceon the systemtrajectories.As expected,
points a and c are � xed equilibria at approximately µ D 28 and
µ D 12deg, respectively.Point b in Fig.1 is insteada large-amplitude
limit-cycle oscillation, centered at µ D 22 deg with an amplitude of
approximately 10 deg. This is con� rmed by the experimental time
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a) ±e = ¡¡30 deg

b) ±e = ¡¡15 deg

c) ±e = ¡¡5 deg

d) ±e = 0 deg

Fig. 4 Time histories for points a–d in Fig. 1a.

history shown in Fig. 4b. The experimentalbifurcationdiagramalso
reveals a region of small-amplitude limit cycles at point d, centered
at approximately µ D 5 deg. This correspondswell with a region of
low pitch damping identi� ed in small-amplitude spring oscillation
tests.5

Note that tunnel turbulence can become a problem when distin-
guishing � xed points from small-amplitude limit cycles, for exam-
ple, smaller than the tolerance band considered.This is particularly
relevant for determining the exact location of the Hopf bifurcation
points. Close to these points, limit cycles have small amplitudes,
and therefore, other indicators such as periodicity need to be used
to locate them with greater accuracy.

It is thought that the large-amplitude limit cycle exhibited by the
model is caused by a reduction in pitch damping caused by the
tailplanes becoming immersed in the wake of the wing at angles
of attack from approximately 18 to 23 deg. Whereas this is a spe-
ci� c phenomenon occurring with this model con� guration, it is an
interestingexperimentalexample of an applicationof nonlinear dy-
namics theory that has relevance in the analysisof full-scaleaircraft
dynamics.

V. Model Formulation
Unlike systems that show no bifurcation or nonlinear behavior,

the main requirement in this case is for the model to capture the
predominant features of the bifurcations and oscillatory behavior
exhibited by the experimental rig. Therefore, the challenge is to
� nd a single model structure that can represent the whole system
and estimate correctly the dynamics observed experimentally.

In particular,we require that the bifurcationdiagramof the model
exhibits the main features of the experimental bifurcation diagram
shown in Fig. 1. These are are summarized in Fig. 5, where the type
of asymptotic solution present at each tailplane de� ection and the
location of the relevant bifurcation points are shown.

As a starting point, we examine a typical experimental time his-
tory of the rig position, such as the one shown in Fig. 6, where the
tailplane de� ection is � xed at ¡15 deg and the rig is released from
a phase-space point away from the limit cycle.

Notice from Fig. 6, that the oscillations appear approximately
sinusoidal with an exponential-typedecay. Also visible are the ef-
fects of turbulenceon the system (especially at t ¼ 10 s). When it is
assumed that the oscillations are symmetrical about the � xed point
and the effects of turbulence are neglected, this suggests that the
position decays onto the stable period-1 limit cycle according to (as
in Ref. 26)

Oµ D A.1 C e¡Bt / sin.!t C Á/ (1)

Using an exponentialfunctionto model the decreasingenvelopewas
found to give problems due to the divergenceof the exponential for

Fig. 5 Schematic of the main features of the desired model bifurcation
diagram, that is, attractor types and bifurcation points.

Fig. 6 Experimental time history showing decay onto the limit cycle;
(±e � xed at ¡¡15 deg.

t ! ¡1 (Fig. 7a). In fact, this makes it dif� cult to account for
transitions from a stable limit cycle to an equilibrium or a smaller
amplitudecycle, such as those actuallyobservedexperimentally,for
example, in the hysteretic region.

To overcome this problem, a tanh function was selected to model
the envelope because this gives the required growth/decay shape
(Fig. 7b). Thus, we choose

Oµ D fAu ¡ 1[1 C tanh.K t/]g sin.!t C Á/ (2)

where Au and 1 are extra parametersnecessaryfor de� ning the tanh
function characteristics and K [equivalent to B in Eq. (1)] de� nes
the growth/decay rate. Note that the parameter Au in Eq. (2) can
be made arbitrarily large if necessary to model pure exponential
growth/decay from/to §1. (Au has an interesting interpretation,
when modeling the evolution of the system from a given limit cycle
to another attractor. In this case, Au corresponds to the amplitudeof
the limit cycle from which the evolution begins.)

Differentiating Eq. (2) with respect to time, we can now get an
estimate for the pitch rate POµ as

POµ D fAu ¡ 1[1 C tanh.K t/]g! cos.!t C Á/

¡ K 1sech2.K t/ sin.!t C Á/ (3)

and by further differentiation the acceleration,

ROµ D ¡!2 Oµ ¡ 2K 1! cos.!t C Á/sech2.K t/

C 2K 21 sin.!t C Á/sech2.K t/ tanh.K t/ (4)
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a)

b)

Fig. 7 Time histories for a) exponential and b) tanh function decay to
a limit cycle.

Our aim, now, is to use Eqs. (2–4) to construct a suitable dynamic
estimator of the experimental rig. Namely, given a certain initial
position Oµ0 and pitch rate POµ 0 , we want the model to provide an esti-
mate of the system trajectoryover a desired time range. In so doing,
we need to address two separate problems: 1) establishing an ap-
propriatemethodology to carry out the estimationand 2) evaluating
all of the necessary parameters involved in the estimation process.
We start by addressing the former problem, leaving to Sec. V.B the
solution of the latter.

A. Estimation Strategy
The � rst, more immediate solution to carry out the estimation

could be to integrate Eq. (4) directly with initial conditions Oµ0 and
POµ 0 . Although it providesan acceptableestimateundernominaloper-
ating conditions,this methodologywould fail to reproduce transient
behaviordue to sudden disturbances,parametervariations,or noise.
This is because Eq. (4) is derived on the assumption that the posi-
tion envelopeis monotonicallydecreasing(or increasing).Thus, the
effect of any disturbance occurring when the envelope has already
become too small would be arti� cially attenuatedby the model (ex-
ample in Sec. V.2A). To overcome this problem, one would need to
reset the integration time whenever an undesiredeventor parameter
variation occurs. This is dif� cult or even impossible to implement
on-line because it would require some robust event-driven integra-
tion algorithm relying on an ef� cient event-detectionroutine.

Therefore, we consider an alternative strategy that uses a com-
bination of Eqs. (2–4) and time discretization. Namely, suppose
we want to simulate the system trajectory from Oµ0 and POµ 0 over
a given time interval, for example, T D .tmax ¡ tmin/. Let
±t D .tmax ¡ tmin/=N bea discretizationof T into N suf� cientlysmall
subintervals. Then, the key idea is to exploit knowledge of the po-
sition and pitch rate, Oµn and POµ n , at the generic nth step, to derive an
estimate of the corresponding acceleration ROµ n and use this to � nd
estimates of the position and pitch rate, Oµn C 1 and POµ n C 1 at the next
step, n C 1. More precisely, from Eqs. (2) and (3) we know that

Oµ D f .t; Á; ¹/ (5)

POµ D g.t ; Á; ¹/ (6)

where f and g are the left-hand sides of Eqs. (2) and (3) and ¹
is the vector of parameters. Hence, considering the time t as an

independent variable, which for the sake of clarity we relabel as ¿ ,
we then have at the nth step that

Oµn ¡ f .¿n ; Án; ¹/ D 0 (7)

POµ n ¡ g.¿n ; Án ; ¹/ D 0 (8)

In other words, we know that, for any given value of position Oµn and
pitch rate POµ n , if the parameters ¹ are � xed, there exist a ¿n and Án

that solve Eqs. (7) and (8). Thus, Eqs. (7) and (8) de� ne implicitly
¿n and Án as functions of the position and pitch rate at each step,
that is,

¿n D ³. Oµn; POµ n ; ¹/ (9)

Án D ´. Oµn ; POµ n ; ¹/ (10)

Hence, it is theoretically possible to use Eqs. (9) and (10) to � nd
values for ¿n and Án given the current pitch angle Oµ and pitch rate POµ .
These values can then be substituted into Eq. (4) to � nd an estimate
of the pitch acceleration (and pitching moment, if required) at the
same step, that is,

ROµ n D ¾ .¿n ; Án ; ¹/ (11)

Finally, the position and pitch rate at the next step can be estimated
(if ±t is suf� ciently small) as

OµnC1.t/ D Oµn C ROµ n.±t/2 (12)

POµ nC1.t/ D POµ n C ROµ n±t (13)

The fundamental open problem for this approach to work is to be
able to derive ¿n and Án from Eqs. (2) and (3), given speci� c values
of the position and pitch rate. In general, these are transcendental
equations,whichcannotbe solvedexplicitly.Inwhat followswe will
see that ¿n and Án can indeed be found at each step by appropriate
algebraic manipulations.

1. Finding ¿n and Án

Assume that the position Oµn and pitch rate POµ n are given. Let

9.¿n/ D Au ¡ 1[1 C tanh.K ¿n/] (14)

From Eq. (2), we then get

Án D arcsin[ Oµn=9.¿n/] ¡ !¿n (15)

Substituting Eq. (15) into Eq. (3) gives

POµ n D 9.¿n/! cosfarcsin[ Oµn=9.¿n/]g

¡ K 1sech2.K ¿n/ sinfarcsin[ Oµn=9.¿n/]g (16)

Since

cos[arcsin.x/] ´
p

1 ¡ x2 (17)

we then have

POµ n D 9.¿n/!

s
1 ¡

µ Oµn

9.¿n/

¶2

¡
K 1 Oµnsech2.K ¿n/

9.¿n/
(18)

Rearranging Eqs. (18), we obtain

POµ n9.¿n/ C K 1 Oµnsech2.K ¿n/ D 9.¿n/2!
q

1 ¡ [ Oµn=9.¿n/]2 (19)

thus,

) POµ 2
n9.¿n/2

C 2K 1 Oµn POµ n9.¿n/sech2.K ¿n/ C K 212 Oµ 2
n sech4.K ¿n/

D !29.¿n/4
¡ !2 Oµ 2

n 9.¿n/2 (20)
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Now, from Eq. (14),

sech2.K ¿n/ D 1 ¡ tanh2.K ¿n/ D ¡9.¿n/2¯12

C 29.¿n/Au
¯12

¡ 29.¿n/=1 ¡ A2
u
¯12

C 2Au1 (21)

Substituting Eq. (21) into Eq. (20) gives a quartic in 9.t/,

9.¿n/4.¡!2
C R=14/ C 9.¿n/3£

¡S=12
C R¡4=13

¡ 4Au
¯14¢¤

C 9.¿n/2£ POµ 2
n C !2 Oµ 2

C S¡2Au
¯12

¡ 2=1¢

C R¡6A2
u
¯14

¡ 12Au
¯13

C 4=12¢¤

C 9.¿n/£S¡2Au=1 ¡ A2
u
¯12¢

C R¡12A2
u
¯13

¡ 4A3
u
¯14

¡ 8Au
¯12¢¤

C R¡4A2
u
¯12

C A4
u
¯14

¡ 4A3
u
¯13¢ D 0 (22)

where

R D K 212 Oµ 2
n (23)

S D 2K 1 Oµn POµ n (24)

The roots of this quartic,9.¿n/ D Q9, can then be used to � nd a value
for ¿n . From Eq. (14), we get

¿n D .1=K / arctanh[.Au ¡ Q9/=1 ¡ 1] (25)

Note that, because Eq. (22) admits multiple solutions, we need to
choose the one that when substitutedin Eq. (25) gives an admissible
real-valued¿n . This is limited by the domainof the arctanh function,
which lies between ¡1 and 1. Hence, we choose a positive real root
from Eq. (22).

Substituting¿n into Eq. (4), we then get an estimate of ROµ n , that is,
the pitch acceleration at the nth step, that can be used in Eqs. (12)
and (13) to � nd an estimate of Oµn C 1 and POµ n C 1 . Note that the pitch
DOF equation of motion can then be used to solve for the pitching
moment coef� cient Cm given by

Cm D
I ROµ

1
2
½V 2 S Nc

(26)

2. Examples

For the sake of clarity, we now use a representative example to
illustrate the estimation strategy described. We assume that all of
the necessary parameters have been found using the strategy that
will be presented in Sec. V.B. A more extensivevalidationof the rig
model will be presented in Sec. VI.

We consider a model of the experimental system with � xed
tailplane de� ection ±e D ¡20 deg. The experimental bifurcationdi-
agram in Fig. 1 shows that, at this value of the tailplane de� ection,
there is a stable � xed point at Oµ D 23 deg and a stable limit cycle
of amplitude 6 deg. Time histories produced by the described es-
timation strategy for different starting points are shown in Fig. 8.
Figure 9a shows the pitch reaction surface27 produced by using
Eq. (26). It is dif� cult to see the structureof the surface from Fig. 9a
due to the large gradient in Oµ ; subtractingthe averagegradientgives
a clearer picture of the underlying structure (Fig. 9b).

As an example of why direct integration cannot be used, time
histories for a second hypothetical system are shown in Fig. 10,
comparing direct integration and the novel method. For both mod-
els Au D 20 and K D 1. Limit-cycle amplitude A is initially 5 but
is changed discontinuously to zero at t D 5 s. The direct integra-
tion method fails at this point; however, ¿ adjusts accordingly and
produces the correct decay to a � xed point.

Fig. 8 Time simulations for three initial conditions.

Fig. 9a Cm(µ̂; q̂) surface for ±e = ¡¡20 deg.

Fig. 9b Cm (µ̂; q̂) surface with the average gradient (in µ̂) removed.

B. Parameter Estimation
The second stage necessary to complete the derivationof a math-

ematical model of the experimentalsystem is to � nd values of all of
the parameters used in the estimation process. The parameters we
need to � nd can be broadly grouped into two categories: those that
relate to the characteristicsof the limit-cycle oscillations, A and !,
and those that are related to the shape of the tanh function, K and
Au . The estimated parameter values are listed in Table 1.

Because we are interested in modeling the rig behavior for dif-
ferent values of the tailplane de� ection, we need to tabulate these
parameters as functionsof ±e . For this purpose,we propose to make
explicit use of the experimental bifurcation analysis carried out on
the rig and presented in Sec. IV.
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Table 1 Model parameters (all angles in degrees)

±e Trim angle A1 S1 A2 S2 A3 S3 A4 S4 !, rads¡1 K

0 5.3 0 U 2 S Aa
max U —— —— 5.8 0.8

¡5 12.5 0 S Amax U —— —— —— —— 6.2 0.5

¡10 18.5 0 U 0.9 S Amax U —— —— 7.7 0.4

¡15 20.9 0 U 5.5 S Amax U —— —— 8.6 1.0

¡20 22.8 0 S 3.6 U 6.4 S Amax U 8.6 1.0

¡25 25.6 0 S Amax U —— —— —— —— 8.6 1.0

aThis limit cycle is to bound the model. In practice, we choose a value that will encompass all attainable µ .

Fig. 10 Comparison of direct integration and novel strategy.

Fig. 11 Desired bifurcation diagram for the system model.

1. Limit-Cycle Amplitude A

From the experimentalbifurcationdiagram (Fig. 1), it is possible
to extractthe bifurcationdiagramwe want the model to exhibit.This
is obtainedby � nding the trim curve (correspondingto the branchof
stable and unstable equilibria in the diagram) and by appropriately
� tting the limit-cycle amplitudes (found by averagingdata readings
from Fig. 1). The result of this process is shown in Fig. 11.

Nonlinear dynamics theory dictates that there must be a branch
of unstable equilibria inside the limit cycles as these originate from
a Hopf bifurcation point, hence, the dashed lines in Fig. 11. These
unstable � xed points cannot be found in the experimental system,
thus, for the sake of simplicity, they were placed in the center of
the limit cycle. (Theoretically they could be found by trial and error
by releasing the model from rest near an unstable equilibrium and
observing the response, but the level of tunnel turbulence is too
high for that to be an option in this case.) In practice, though, the
limit cyclesare not necessarilysymmetrical about the unstable� xed
points, as discussed in Sec. VI.

Fig. 12 Trim curve and limit-cycleamplitudesas functions of tailplane
de� ection.

Once the desired model bifurcation diagram has been obtained,
the amplitudes A of the limit cycles as a functionof tailplanede� ec-
tion can be extracted.Figure 12 shows the limit-cycleamplitudesas
a function of ±e (just a different representationof Fig. 11).

Notice that care must be taken when using this interpolated data
to ensure that errors are not introduced at discontinuities. For ex-
ample, when the stable limit cycle disappears at the cyclic fold
(±e ¼ ¡21 deg), its corresponding amplitude must go discontinu-
ously to zero because the oscillatory behavior is no longer present.
(This causes the jump at ±e ¼ ¡20 deg observed in Fig. 12) In the
numerical implementation, a simple conditional statement is used
to overcome this problem.

2. Growth/Decay Rate and Frequency, K and !

The growth (decay) rates K and the oscillation frequencies as
functionsof the tailplane de� ection were found by recordingexper-
imental time histories at different values of ±e . By the comparison
of experimental results (such as Fig. 6) with time simulations of
the model for different values of K and !, the best � ts for these
parameters were found by direct investigation.

When this procedure was repeated for several values of the ele-
vator de� ections and linear interpolation was used, the parameters
K and ! were tabulated over the ±e range of interest (Table 1).
Note that this process could be automated using parameter identi� -
cation methods, but due to the structure of the model, this would be
complicated and was not seen to be necessary at this stage. Fourier
transforming the time series could be used to � nd the frequency of
oscillations, but again was not adopted here.

Table 1 shows the tabulated parameters for the model, where
Ai represents the amplitude and Si the stability of the i th limit
cycle/� xed point. The number of equilibria varies according to the
tailplanede� ection;however, there is always a � xed point at the trim
angle (amplitude zero, A1 and S1), and an unstable limit cycle with
amplitude Amax to bound the model. Where there are additional
limit cycles, their amplitude and stability must also be speci� ed,
for example, A2 and S2 . Trim angle and limit-cycle amplitudes are
tabulated against tailplane de� ection every 0.1 deg, but only 5-deg
intervals are shown in Table 1.
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3. Parameters Au and 1

The � nal step is to � nd appropriate values for the parameters Au

and 1 in Eq. (2). Note that, as shown in Fig. 7b, these parameters
are related to the amplitudeof the limit cycles to which Oµ , as de� ned
by Eq. (2), tend as t ! 1 and the amplitude of the asymptotic limit
cycles (equal to zero in the case of equilibria) exhibited for t ! 1.
In particular, Au is the amplitudeof the limit cycle for t ! ¡1 and
Au ¡ 21 that of the limit cycle for t ! 1.

Thus, for the model to match asymptoticallythe experimentalrig,
we need to have

1 D
1
2
.Au ¡ A/ (27)

Moreover, to account for whether the envelope is increasing or de-
creasing, we have to choose Au at the current time step so that the
envelope is increasingif the trajectory, Oµn and POµ n , is inside the target
asymptotic limit cycle and decreasing otherwise.

Assume, for the sake of simplicity, that the limit cycles of interest
are approximatelycircular.It is easy to show that the relativeposition
of a pair of given initial conditions can be checked by using the
following criterion:

Oµ 2

A2 C
POµ

2

.A!/2

8
<

:

< 1 if insidethe limit cycle

D 1 if on the limit cycle
> 1 if outside the limit cycle

Accordingly,we then set Au as an arbitrarily largevalue, Au À A, if
the current trajectoryis outside the limit cycle, whereaswe choose a
suitablevalue 0 · Au < A, if inside. Note that, in the case of a coex-
isting stable limit cycle and a stable equilibrium[as in the hysteretic
region of the bifurcation diagram (Fig. 3)], Au should be chosen as
close as possible to the amplitudeof the unstable limit cycle, which,
according to a well-established result in nonlinear dynamics, must
exist between the two stable solutions.

Repeating this procedure at each step of the estimation process
allows the correct evaluationof all of the parametersof interest. We
will now validate the estimator constructed according to the model
structure and parameter evaluation strategy described for different
operating regimes.

VI. Model Validation
A. Bifurcation Diagram and Time Histories

With the system parameters tabulatedagainst tailplanede� ection,
it is now possibleto use a numericalcontinuationpackageto � nd the
bifurcation diagram of the numerical model. [AUTO 97 (Ref. 28)
was used in this case.]

It was found that, for continuationpurposes, it is not essential to
have a good � t of theparameter K becausethecontinuationsoftware
is only locatingequilibria.However,AUTO was extremelysensitive
to stepsize (in tailplanede� ection, ±e) along the unstable limit-cycle
branch: The minimum stepsize had to be made extremely small,

¼1 £ 10¡9 deg, due to the large gradient of this branch.
The bifurcationdiagramproducedbyAUTO is shownin Fig. 13. It

can be seen that, as expected,themodelbifurcationdiagrammatches
well the experimentalone and is actually identical to the desiredone
shown in Fig. 11.

The time histories in Fig. 14 show good agreement between the
experimental results and the numerical model. Note that when the
limit-cycleamplitudesare small or zero (as in the case of equilibria),
for example, Figs. 14a–14c (t > 8s), the effects of low-frequency
tunnel turbulence causes some discrepanciesbetween the predicted
and experimental results. Turbulence is also found to affect the ex-
perimental response when large-amplitude limit-cycle behavior is
present, for example, Figs. 14d and 14e (t > 9s), causing the ex-
perimental results to exhibit a slight phase and amplitudemismatch
when compared to simulation results. Nevertheless, when param-
eters are tabulated against tailplane de� ection, the mathematical
model adequately represents the experimental system. Note that in
some of the experimental time histories the oscillation frequency
seems to vary with amplitude. This could be modeled by making

Fig. 13 Bifurcation diagram produced by AUTO 97 numerical con-
tinuation package, with experimental results in gray.

a) ±e = 0 deg, k = 0.8,
! = 5.8 rad/s

b) ±e = ¡¡5 deg, k = 0.52,
! = 6.2 rad/s

c) ±e = ¡¡10 deg, k = 0.35,
! = 7.7 rad/s

d) ±e = ¡¡15 deg, k = 1,
! = 8.6 rad/s

e) ±e = ¡¡20 deg, k = 1, ! = 8.6 rad/s

Fig. 14 Comparison of experimental and model time histories at sev-
eral tailplanede� ections; discrepancies between results are due to large,
low-frequency tunnel turbulence.

frequency ! a function of both tailplane de� ection and limit-cycle
amplitude. However, there is only a small error caused by this, and
therefore, it has been ignored here.

B. Discussion
1. Limit-Cycle Asymmetry

A relatively large error (approximately3 deg at its maximum) can
be seen in Fig. 13 between the maximum µ of the large limit cycle
(¡20 < ±e < ¡15 deg) for the experimental system and the model.
This is possibly due to the limit cycle being asymmetric but, as al-
ready mentioned, it is not possible to � nd the unstable � xed points
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in free-oscillationtests and so this cannotbe validated.However, the
unstable branches could be found from static tests, or by increasing
pitch damping via mechanical, for example, an oil-� lled damper at
the gimbal, or aerodynamic, for example, canards with q feedback,
means.

It is also possible for the model to accommodate an asymmetric
limit cycle by adding an offset multiplied by a tanh function to
Eq. (2). The offset value could then be tabulated against tailplane
de� ection, giving variable asymmetry and a closer match between
model and experimental bifurcation diagrams.

2. Limit-Cycle Shape

Often, limit-cycle oscillations cannot be approximated ade-
quately by a pure sine wave. Therefore, it is useful to be able to
model limit cycles of arbitrary shape. When the output of several
models produced using the techniquepresented here (with different
frequencies and amplitudes) are summed, it is possible in theory
to produce any shape of limit cycle. An experimental time his-
tory of a limit-cycle oscillation of arbitrary shape can, therefore,
be Fourier transformed and the dominant sin/cos components used
in the model. In this way it is also possibleto model limit cycleswith
periods greater than 1 and to model the associated period-doubling
bifurcations.

3. Generalization of the Model
With the model constructed and validated, as described above, it

is now possible to proceed with development, testing and compari-
son of control laws. A particular application of interest is ‘bifurca-
tion tailoring’—the use of feedforward and feedback controllers to
alter the bifurcationdiagram to have desiredproperties.29;30 Prelim-
inary results on the use of the model for control system design are
presented elsewhere.31

For generalmodelingof non-linearsystemsit is possibleto use the
methodpresentedhere to model typesof bifurcationother than Hopf
points. When limit-cycle amplitudes of zero are used, systems with
fold and pitchforkbifurcationscan be created,where decay onto the
stable � xed points is exponential in nature. The problem becomes
one of tabulating the data for the bifurcation diagram branches and
ensuringthat the model is correctwhendiscontinuitiesin thedataare
necessary for example, at a fold point. Other types of decay/growth
other than exponential are also possible in theory; however, in the
majority of cases it is adequate to assume an exponential form.

The type of model presentedhere, derived from measured motion
variables, can in principle be extended to more DOF. For coupled
motions,however, the modelwould becomemore dif� cult to visual-
ize because aerodynamiccoef� cients would be functions of several
state variables.

VII. Conclusions
In this paper, experimental results from a single-DOF dynamic

wind-tunnel rig were presented. The results show some interesting
nonlinearbehavior,includinglimit cycles and Hopf points.The mo-
tivation for the work is to develop and compare feedback control
systems; to do this, a representativemodel of the rig is needed. Af-
ter it was established that traditional aerodynamic modeling meth-
ods do not allow multiple-attractor bifurcationary systems to be
modeled easily, a new modeling approach was developed. This
method requires assumptionsregarding limit-cycleorbit shapes and
growth/decay functions;in this case, that the limit-cycleoscillations
are sinusoidal and that the growth and decay from/to equilibria are
exponential in nature. Given experimental time histories, although
masked by tunnel turbulence, these assumptions seem valid. With
the developmentof a structurefor themodel, limit-cycleamplitudes,
frequency,and stability are speci� ed as functions of parameters.An
analytical solution for the accelerationthat gives this motion allows
the pitching moment coef� cient Cm to be calculated as a function
of Oµ and POµ .

By use of the novel method presented here, the amount of data
storagerequiredis greatly reducedfrom that of a traditionalstability
derivative model. In the single-DOF case with one parameter, a

two-dimensional table of derivatives can be replaced by � ve, one-
dimensional tables. The advantageof this method increasesas more
DOF or parameters are added.

Comparisonof the experimental and model bifurcationdiagrams
haveshown goodagreement.Both supercriticalandsubcriticalHopf
points have been created in the correct location, and limit-cycle
amplitudescorrespondwell. Time simulationshave been compared
with experimentaltime historiesand alsoserveto validate themodel.
The extension and generalizationof the model are discussed.

Investigation into the relationship between the � ow physics and
observedmotions is to be carried out using visualizationtechniques.
Future work will also address the issue of using the mathematical
model presentedhere to validateand designappropriatecontrol laws
to be implemented and tested on the experimental rig.
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